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Table 2 Critical combination of the load parameters ¸p and ¸q of a
spring-hinged cantilever column

° ¸p cr ¸q cr ®.¸q=¸q cr/ ¸p ¯.¸p=¸p cr/ ® C ¯

1.0 0.7405 1.665 0.2 0.5942 0.8025 1.002
1.0 0.7405 1.665 0.4 0.4471 0.6038 1.004
1.0 0.7405 1.665 0.6 0.2990 0.4038 1.004
1.0 0.7405 1.665 0.8 0.1500 0.2025 1.002
10 2.054 5.957 0.2 1.655 0.8058 1.006
10 2.054 5.957 0.4 1.250 0.6087 1.009
10 2.054 5.957 0.6 0.8394 0.4087 1.009
10 2.054 5.957 0.8 0.4227 0.2058 1.006
100 2.437 7.657 0.2 1.9640 0.8060 1.006
100 2.437 7.657 0.4 1.4840 0.6090 1.009
100 2.437 7.657 0.6 0.9966 0.4090 1.009
100 2.437 7.657 0.8 0.5020 0.2060 1.006

very well with those obtained from the FEM for all values of the ro-
tationalspring stiffnessparameter° varyingfrom 1 to 1011 (! 1),
the maximum error being around 0.7% for the value of ° D 1011.
Also note that the stability parameters obtained by the FEM
are in excellent agreement with those given by Timoshenko and
Gere.3

For the combined loading, the combination values of ¸p and ¸q

for which the spring-hinged column buckles are given in Table 2,
for ° D 1, 10, and 100. Note that, for the combined loading, the
sum of ¸ p=¸ p cr and ¸q =¸q cr is almost equal to 1.0, with the nonzero
term being in the fourth signi� cant � gure. The authors have ver-
i� ed this for all of the values of ° considered in Table 1. It is
believed that this small difference from unity in the fourth signif-
icant � gure is due to the numerical approximation involved in the
present computations.Hence, we can generalize this observationas
follows.

Irrespectiveof the rotational spring stiffness, for a spring-hinged
cantilever column subjected to combined axial concentrated end
load and uniformly distributed load, we can take

¸p=¸p cr C ¸q =¸q cr D 1 (9)

effectively for design purposes. Equation (9) is valid for any mu-
tually independent and simultaneously acting axial compressive
concentrated load and uniformaly distributed axial compressive
load.

Conclusions
The stability behavior of a spring-hingedcantilever column sub-

jected to mutually independent and simultaneously acting end-
compressive and uniformly distributed axial loads is studied in this
Note by use of the Rayleigh–Ritz method. The novelty of this study
is choosingproper admissible functions to satisfy the spring-hinged
boundary condition. Closed-form expressions are obtained for the
combination of loads for which the column buckles. The method
is validated by comparing the present results with those obtained
by the FEM for the cases of independent loads. Finally, a simple,
elegant design formula for the combined loading is given based on
the numerical results obtained. It is expected that it will be useful
for aerospace engineers in particular, and structural engineers, in
general.

References
1Zienkiewicz, O. C., The Finite Element Method, McGraw–Hill Ltd.,

London, 1977.
2Elishakoff, I., “Apparently First Closed-Form Solution for Frequency of

Beam with Rotational Spring,”AIAA Journal, Vol. 39, No. 1, 2001, pp. 183–

186.
3Timoshenko,S. P., and Gere, J. M., Theoryof Elastic Stability, McGraw–

Hill, New York, 1961, pp. 89–103.

A. M. Waas
Associate Editor

Vortical Substructures in the
Shear Layers Forming
Leading-Edge Vortices

Anthony M. Mitchell¤

U.S. Air Force Academy,
Colorado Springs, Colorado 80840-6222

and
Pascal Molton†

ONERA, 92190 Meudon, France

Introduction

S UBSTANTIAL theoretical, experimental, and computational
researchhas focusedon the characteristicsof leading-edgevor-

ticesandvortexbreakdown.1¡8 However, limited effortshavesought
to understand the separating shear layers that roll up to form the
leading-edge vortices. Various researchers have observed discrete
vortical substructuresin the shear layers, and the resultingdata have
takenon two contrastingdescriptions:temporal substructures(rotat-
ing aroundthe leading-edgevortex)9¡11 and spatiallystationarysub-
structures (spatially � xed around the periphery of the leading-edge
vortex).12¡19 Additionally,many of these researchershave hypothe-
sized about the type of instability that results in the formation of the
vortical substructures. None of these hypotheses has been univer-
sally accepted or proven. The most popular hypothesis9;11;13;14;17;18

proposes that the substructures develop in a manner similar to the
Kelvin–Helmholtz20 instability or that of a two-dimensional shear-
layer instability described by Ho and Huerre.21 Another hypothesis
suggests that the substructuresoriginate from transversal perturba-
tions along the leading edge of the wing induced by the interaction
between the separating shear layer and the secondary vortices.10;19

Washburn and Visser16 suggested the substructures are generated
by nonviscous instabilities in the shear layer and that their forma-
tion is governed by transverse � ow of the leading-edge vortices.
Yet another hypothesis postulates that a longitudinal instability as-
sociated with the curvature of the separating shear layer is at the
origin of the substructures.17 Some experimentally based hypothe-
ses indicate that the instabilities are generated by the presence of
small-amplitude surface waves in the water tunnel10 or are associ-
ated with vibrations in a wind tunnel.14

Recentadvancesin nonintrusiveexperimentalmeasurementtech-
niques have enabled more detailed analysis of the vortical � ow� eld
and the separating shear layers forming the leading-edge vortices
around a delta wing. Three-dimensional laser Doppler velocime-
try (LDV) � ow� eld measurements were acquired in ONERA’s
1.4 £ 1.8 m subsonic wind tunnel around a sharp-edged delta wing
model.22¡24 These novel results provide new insight into the phe-
nomenon through precisely measured details of the characteristics
and pathof thevorticalsubstructuresaroundthe leading-edgevortex
core.

Model and Wind Tunnel
The delta wing model has a 70-deg sweep angle and root chord

c of 950 mm. It has a wingspan of 691.5 mm at its trailing edge, is
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20 mm thick, and is beveled on the windward side at an angle of
15 deg to form sharp leading edges. All of the data presented here
were acquiredin ONERA’s 1.4 £ 1.8 m subsonicwind tunnel (F2) at
test conditions of ® D 27 deg and U1 D 24 m/s (Rec D 1:56 £ 106/.
Because of the relative symmetry of the � ow� eld over the leeward
surfaceof the deltawing, only the port-side � ow� eld was examined.
Details of the model, the wind tunnel, and LDV system are speci� ed
in Refs. 23 and 24.

Accuracy and Experimental Error
In ONERA’s F2 wind tunnel the relative freestream velocity

1U1=U1 is estimated to have an accuracy of §1%, whereas the
mean intensityof turbulenceis approximately0.1%. The model was
mounted on a sting with a horizontal support and � exible joint for
adjusting the angle of attack, with an accuracy of §0.05 deg. The
horizontal support was manipulated in height along a vertical col-
umn so as to maintain the model close to the center axis of the test
section. The model was mounted in the test section with no yaw
angle with respect to the freestream � ow (estimated accuracy of
§0.1 deg).23;24 The LDV system installed in F2 utilizes two 15-W
argon lasers as the sourcesof light in a forward scatteringmode.The
global accuracy of the LDV system is estimated to have a relative
error 1U=U of less than 1.5% assuming an absoluteerror of the an-
gle betweenthevelocityvectorand a horizontalreferenceof 0.5 deg.
Therefore,the estimatedaccuracyof the magnitudeof the velocityis
§1 m/s, and the directionof the velocityvector is §1 deg (Ref. 25).

Results
Four LDV planesperpendicularto the leeward surfaceof the wing

at X=c D 0:53, 0.63, 0.74, and 0.84 were explored. These planes

a)

b)

c)

d)

Fig. 1 LDV results showing the axial vorticity ( X xc/U 1 ) at ® = 27 deg and U 1 = 24 m/s: a) X/c = 0.53 (500 mm), b) X/c = 0.64 (600 mm),
c) X/c = 0.74 (700 mm), and d) X/c = 0.84 (800 mm).

correspond to a region where the leading-edgevortex was well de-
veloped: a zone just upstream of the vortex breakdown location, a
zone downstream of the vortex breakdown location, and � nally a
region further downstreamwhere the � ow was fully turbulent.Each
perpendicular measurement mesh consists of approximately 1400
points locatedbetween0:4 < Y=b < 1:1 on the port side of the wing,
evenly spaced at 5-mm intervals.

The results demonstrate a strong, jetlike, accelerationof the � ow
along the vortex core upstream of vortex breakdown (X=c D 0:65)
with values of U=U1 ¸ 3:5. There is an abrupt deceleration of the
axial velocity component to a stagnation point (vortex breakdown
location), which is followedby a zoneof recirculationand a sizeable
increase in the diameter of the vortex core. The postbreakdown re-
gion has a wake-like axial velocity pro� le. Components of vorticity
are calculatedfrom the measuredmean velocitycomponentsusinga
centraldifferencingscheme to evaluatethe derivatives.Figure 1 rep-
resents the axial componentof vorticity.Äx D @W=@y ¡ @V =@z/ in
each perpendicularplane. These traces reveal two highly rotational
zones in the � ow� eld: 1) the vortex core with a highly negative vor-
ticity;2) regionsof positivevorticitynear the leadingedge, along the
suction surface of the wing, which represent the secondary vortex.
Additionally, multiple substructures, rotating in the same direction
as the vortex core, are clearly de� ned in the time-averaged data
and con� rm the observationsof the existenceof spatially stationary
substructures. It is clear from the dissipation of the vorticity in the
vortex core in Figs. 1c and 1d that vortex breakdown has occurred.
However, the vortical substructures are still present in the � ow� eld
around the vortex core.

Because of the large spacing interval between the perpendicular
planes of data presented in Fig. 1, a second series of experiments
was conductedto acquiredata from 12 perpendicularplanesover the
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Fig. 2 Vortical substructures measured in different planes perpendicular to the leeward surface of the 70-deg delta wing at ® = 27 deg and Rec =
15.6 ££ 106 (freestream velocity from right to left).

Fig. 3 Interpolated stream ribbons following the vortical substructures around the vortex core showing values of the axial vorticity ( X xc/U 1 ) at
® = 27 deg and Rec = 1.56 ££ 106 (freestream velocity from left to right).

same regionof thewing.These perpendicularplaneswere situatedat
X=c D 0:53, 0.58, 0.61, 0.63, 0.65, 0.67, 0.69, 0.72, 0.74, 0.76, and
0.84. The data were acquired using the same measurement meshes
as the data shown in Fig. 1, although the delta wing model was
rotated around its chord line by the addition of a wedge between
the windward surface of the delta wing model and the sting. The
effectiveincidenceangleof the model with respect to the freestream
velocity of the wind tunnel was maintained by simultaneouslyma-

neuvering the angles of the sting’s elbow joints. This rotation of
the model caused the time-averaged vortex breakdown location to
shift upstream approximately 100 mm (10.5% of the chord). This
was the only observed modi� cation to the � ow� eld as a result of
the model’s rotation, and the results remained within the outliers of
the observed instantaneous breakdown locations for both con� gu-
rations. The new, more � nely probed, volume of data constitutes an
important database for interpolationacross the entire � ow� eld.
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The results shown in Fig. 2 demonstrate the evolution of the
discrete substructuresof vorticity around the vortex core. The sub-
structures appear to roll around the vortex core as they evolve in the
downstream direction. The magnitude of the axial component vor-
ticity in each of the substructuresis of the same order of magnitude
as that measured in the vortex core. One also observes a decrease
in the magnitudeof the axial componentof vorticityproportionalto
the increase in the longitudinal distance X=c. This trend indicates
the presence of a local instability near the leading edge, which is
generating the substructures.Therefore, it is proposed that the sub-
structures are formed near the leading edge and are subsequently
entrained downstream by both the axial velocity of the � ow and
the rotationalvelocityof the leading-edgevortex. The substructures
follow a helical trajectory around the vortex core, and the spacing
(frequency) between the substructures appears relatively constant,
con� rming the observations of Washburn and Visser.16 Addition-
ally, the substructures remain coherent even in the postbreakdown
region of the � ow� eld.

Figure 3 illustrates the three-dimensional � ow� eld developing
aroundthedeltawing.This imagewas computedby interpolatingthe
databetweenthevariousperpendicularplanesofmeasurements.The
� rst two planes, at X=c D 0:53 and 0.58, are shown. The rest of
the data represents various stream ribbons, initiated at the center
of the substructures in the � rst perpendicular planes, which pass
through the centers of the subsequent substructures. The values
indicated on the stream ribbons represent the axial component of
vorticity. These stream ribbons represent the helical trajectory of
the substructures around the vortex core with constant spacing. As
observed in Fig. 3, there is a decrease in the magnitude of the axial
component of vorticity proportional to the increase in the longitu-
dinal distance.

There are some discontinuities in the results presented in Fig. 3,
whichare likelycausedbyproblemsassociatedwith an interpolation
over relatively large axial distances. In spite of these shortcomings,
this approach facilitates the analysis of the substructures’ trajecto-
riesand theglobal characteristicsin theaxialcomponentof vorticity.
It is dif� cult to follow the trajectoryof a substructurefor a complete
revolution around the vortex core because the substructures are ei-
ther entrained into the vortex core or are dispersed as they approach
the trailing edge of the wing. However, numerous half-rotationsare
evident in Fig. 3, which allow one to de� ne the trace of helical tra-
jectories. The trace of a helix is de� ned as L=2¼r , where L is the
longitudinaldistance for one rotationand r is the radiusof the helix.
In Fig. 3 the substructurescompletea half-rotationover a distanceof
200–250 mm and have a radius of approximately60 mm. Therefore
the trace of the helix is between 0.53 and 0.66.

The ensemble of these three-dimensional LDV results con� rms
the formation and existence of corotating, stationary substructures
in the separating shear layers, which form the leading-edge vor-
tices. The evolution of the axial component of vorticity in the
substructures and the helical path around the vortex core have
been described. The current data do not permit a precise evalua-
tion of the instability mechanism responsible for the creation of
the substructures. However, the results do point toward the ex-
istence of convective instabilities near the leading edge. These
detailed experimental results will provide a validation test case
for future computational studies and analysis that might provide
more precise � ow� eld details in the vicinity of the leading edge.
These computational results are needed to con� rm or disprove the
many instability-related hypotheses presented in this Note. Addi-
tionally, computational results will provide further insight about
the interaction of the substructures and the leading-edge vortex
and the in� uence of the substructures on the vortex breakdown
location.

Conclusions
The current data con� rm the formation and existence of spatially

stationary, corotating substructuresin the shear layers that form the
leading-edge vortices over slender delta wings at high angles of

attack. The three-dimensionalLDV data characterize the structure
andpathof thesesubstructuresaroundthe leading-edgevortexcores,
demonstrating their origin along the leading edges and their helical
trajectories around the leading-edge vortices. However, the insta-
bility mechanism responsible for the creation of the substructures
is still not well understood. Further research is required to explain
the generating mechanism for the substructures and to examine the
in� uence of these vortical substructureson the leading-edgevortex
and the vortex breakdown location.
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